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Abstract 
Dillencourt, M.B., An upper bound on the shortness exponent of l-tough, maximal planar 
graphs, Discrete Mathematics 90 (1991) 93-97. 
In this note, it is shown that the shortness exponent of the class of l-tough, maximal planar 
graphs is at most log, 6. 
1. Introduction 
Except as noted, we use the definitions of [2]. All graphs considered here are 
simple. A maximal planar graph is a planar graph in which every face (including 
the exterior face) is bounded by a triangle. V(G) denotes the set of vertices of a 
graph G. A vertex is simplicial if any two of its neighbors are joined by an edge. 
If G is a graph and S E V(G), then c(G) denotes the number of components of 
G, G - S denotes the subgraph of G induced by V(G) - S, and JSJ denotes the 
cardinality of S. A graph is said to be l-tough if for any non-empty subset S of the 
vertices of G, c(G -S) 6 IS(. Note that a l-tough graph is necessarily 2- 
connected. A Hamiltonian cycle in a graph is a cycle (i.e., a closed, simple path) 
that visits each vertex exactly once. A graph is Hamiltonian if it has a 
Hamiltonian cycle. Some connections between l-toughness and Hamiltonicity can 
be found in [4]. Nishizeki has presented a l-tough, non-Hamiltonian maximal 
planar graph with 19 vertices [lo]. 
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The shortness exponent of a class of graphs was introduced in [8] as a measure 
of the non-Hamiltonicity of the class. Let h(G) denote the length of the longest 
cycle in a graph. Then for any class 3 of graphs, the shortness exponent is 
defined by 
a( 5) = lim inf 
log h(G) 
n--f= log(G,] ’ 
where the lim inf is taken over all sequences of graphs in 5 for which ] G,, ] -j 00. In 
this note we prove the following theorem. 
Theorem 1. Let F be the class of l-tough, maximal planar graphs. Then an 
upper bound for the shortness exponent of Y is given by 
a(Y) s log, 6 = 0.92078. . . . 
2. Proof of Theorem 1 
We first state three lemmas and prove two of them. Lemma 2 first appeared in 
[lo]. We define the toughness index of a graph to be 
L(G) = min IS] - c(G - S). 
BfSrV(G) 
If W s V(G), we say that G is W-supertough if G is l-tough and c(G -S) < IS] 
whenever W c S c V(G). 
Lemma 2. Let G be a graph, v E V(G), and suppose that G fails to be l-tough 
but G - {v} is l-tough. Zf S G V(G), S #0, and c(G - S) > lS(, then v is not in S 
but all neighbors of v in G are in S. 
Lemma 3. Let G be a graph. Zf S c V(G) contains a simplicial vertex, 
ISI - c(G - S) > L(G). 
Proof. Let v E S be simplicial, and let R = S - {v}. Because v is simplicial, 
c(G - R) 2 c(G - S), which implies that [RI - c(G - R) < ISI - c(G - S). El 
Lemma 4. Let G be a l-tough graph, with v E V(G) a simplicial vertex. Let H be 
a graph that is W-supertough for some W G V(H). Let V be a graph obtained 
from G by (1) deleting v (and its attached edges); (2) replacing v with (a copy of) 
H; and (3) connecting neighbors of v with vertices of W, in such a way that each 
vertex of W and each neighbor of v is incident with at least one of the new edges. 
Then V is l-tough. 
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Proof. Let S c V(U) be non-empty. Let S, = S tl G, and let S, = S fl H. 
Case 1: S, = 0. If W E S, then c(U - S) s S follows because H is W- 
supertough. If W $ S, G - { } v is in the same component of U - S as some vertex 
of H, so c( U - S) c S follows because H is l-tough. 
Case 2: S, = 0. In this case, there is an obvious l-l correspondence between 
the components of U - S and the components of G - S,. 
Case 3: S, # 0 and S, # 0. Since u is simplicial, any two vertices of G - {v} 
that lie in the same component of G - S, are connected by a path through 
G - S, that does not contain V; hence, they also lie in the same component of 
U - S. This observation justifies the first step in the following computation, which 
is otherwise straightforward: 
Let T be the maximal planar graph shown in Fig. 1. Its properties are contained 
in the following proposition. 
Proposition 5. The graph T is {A, B, C}-supertough, and non-Hamiltonian. 
Moreover, any simple path through T connecting any two of the three vertices A, 
B, and C must omit at least one simplicial vertex. 
Proof. We first show that T is l-tough. Suppose that S is a set of vertices of T 
such that c(T - S) > JSI. If v is any one of the seven simplicial vertices K, L, M, 
Fig. 1. A l-tough, non-Hamiltonian maximal planar graph T with 15 vertices. The dark vertices are 
the simplicial vertices. 
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N, P, Q, or R, then T - {v} is Hamiltonian. Since any Hamiltonian graph is 
l-tough [4], it follows from Lemma 2 that S must contain the eight nonsimplicial 
vertices A, B, C, D, E, F, I, and J. But then c(T - S) s 7 < 8 s (S(, so S cannot 
exist. 
To show that T is {A, B, C}-supertough, it suffices to show that L(T’) 2 - 2, 
where T’ is obtained from T by deleting A, B, and C. By Lemma 3, L(T’) may be 
obtained by examining the 31 non-empty subsets of {D, E, F, I, J}. It can be 
seen that the minimum value of ISI - c(T’ - S) is -2, and that the minimum is 
achieved only when S = {D, E, F, I, J}. 
To show that T is non-Hamiltonian, suppose T has a Hamiltonian cycle, Z. T 
has seven simplicial vertices, eight nonsimplicial vertices, and each simplicial 
vertex has only nonsimplicial vertices for neighbors. It follows that there can be at 
most one pair of nonsimplicial vertices that are adjacent on Z. However, each of 
the three vertices A, B, and C has at most one simplicial neighbor in T, so Z 
must have at least two pairs of adjacent nonsimplicial vertices. This contradiction 
establishes that 2 cannot exist. A similar argument establishes the final assertion 
of the proposition. 0 
Define a sequence of maximal planar graphs {Gn} as follows. Let G, = T (the 
graph of Fig. 1). For n > 1, let G,, be the graph obtained from G,_, by deleting 
each simplicial vertex and replacing it with a copy of T. More precisely, the 
construction is as follows. For each simplicial vertex u, let w, x, and y be its 
neighbors. Delete v (and the edges VW, 2rx, and vy). Inside the triangle wxy, 
insert a copy of T and add the six edges Aw, Ax, Bx, By, Cy, and Cw. Since T is 
{A, B, C}-supertough, repeated applications of Lemma 4 show that each G,, is 
l-tough. 
For each IZ, let d,, represent the number of simplicial vertices in G,, and let c, 
represent the maximum number of simplicial vertices that can lie on a cycle 
through G,. The following relationships follow from Proposition 5 and the 
construction of the graphs G,: IGil= 15; lGn+i( = lG,l + 14d,; h(G,) = 14; 
h(G,+i) s NG,) + I4c,; d, = 7”; and c, = 6”. It is easily verified that these 
relationships imply 
- - 
h(G)< 
14 6” 14 
and lG,l= 
7*7”--4 
. 5 3 
Theorem 1 follows immediately. 
3. Remarks 
Theorem 1 improves the earlier bound of log, 8, which follows from the upper 
bound of log,8 on the shortness exponent of inscribable maximal planar graphs 
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[61 and the fact that all inscribable graphs are l-tough [5]. (A graph is inscribable 
if it can be realized as the vertices and edges of a convex 3-polytope inscribed in a 
sphere. It is a long-standing open problem to characterize inscribable graphs. A 
brief history of this problem can be found in [7].) An upper bound of log, 2 on 
the shortness exponent of the class of all maximal planar graphs is established in 
[9]. Determining the exact value of the shortness exponent remains an open 
problem for all of these classes of graphs. 
The problem of recognizing Hamiltonian maximal planar graphs is NP-hard 
[3], as is the problem of recognizing l-tough graphs [l]. It is an open question 
whether l-tough planar graphs, or l-tough maximal planar graphs, can be 
recognized in polynomial time. 
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